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Observational constraints on the spectral index of the cosmological curvature perturbation
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We evaluate the observational constraints on the spectral indexn, in the context of theLCDM hypothesis
which represents the simplest viable cosmology. We first taken to be practically scale independent. Ignoring
reionization, we find at a nominal 2-s level n.1.060.1. If we make the more realistic assumption that
reionization occurs when a fractionf ;1025 to 1 of the matter has collapsed, the 2-s lower bound is un-
changed while the 1-s bound rises slightly. These constraints are compared with the prediction of various
inflation models. Then we investigate the two-parameter scale-dependent spectral index, predicted by running-
mass inflation models, and find that present data allow significant scale dependence ofn, which occurs in a
physically reasonable regime of parameter space.
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I. INTRODUCTION

It is generally supposed that structure in the Unive
originates from a primordial Gaussian curvature pertur
tion, generated by slow-roll inflation. The spectrumPR(k) of
the curvature perturbation is the point of contact betwe
observation and models of inflation. It is given in terms
the inflaton potentialV(f) by1

4

25
PR ~k!5

1

75p2MP
6

V3

V82
, ~1!

where the potential and its derivatives are evaluated at
epoch of horizon exitk5aH. To work out the value off at
this epoch one uses the relation

ln~kend/k![N~k!5MP
22E

fend

f

~V/V8!df, ~2!

whereN(k) is actually the number ofe-folds from the hori-
zon exit to the end of slow-roll inflation. At the scale e
plored by the Cosmic Background Explorer~COBE! mea-
surement of the cosmic microwave background~CMB!
anisotropy,N(kCOBE) depends on the expansion of the Un
verse after inflation in the manner specified by Eq.~30! be-
low.

Given this prediction, the observed large-scale normal
tion PR

1/2.1025 provides a strong constraint on models
inflation. Taking that for granted, we are here interested
the scale dependence of the spectrum, defined by the, in
eral, scale-dependent spectral indexn:

1As usual,MP52.431018 GeV is the Planck mass,a is the scale

factor andH5ȧ/a is the Hubble parameter, andk/a is the wave
number. We assume the usual slow-roll conditionsMP

2uV9/Vu!1

andMP
2(V8/V)2!1, leading to 3Hḟ.2V8.
0556-2821/2000/62~10!/103504~11!/$15.00 62 1035
e
-

n
f

e

-

n
en-

n~k!21[
d lnPR
d lnk

. ~3!

According to most inflation models,n has negligible varia-
tion on cosmological scales so thatPR}kn21, but we shall
also discuss an interesting class of models giving a differ
scale dependence.

From Eqs.~1! and ~2!,

n2152MP
2~V9/V!23MP

2~V8/V!2, ~4!

and in almost all models of inflation, Eq.~4! is well approxi-
mated by

n2152MP
2~V9/V!. ~5!

We see that the spectral index measures theshapeof the
inflaton potentialV(f), being independent of its overall nor
malization. For this reason, it is a powerful discriminat
between models of inflation.

The observational constraints on the spectral index h
been studied by many authors, but a new investigation
justified for two reasons. On the observational side, the c
mological parameters are at last being pinned down, as is
height of the first peak in the spectrum the CMB anisotro
No study has yet been given which takes on board th
observational developments, while at the same time tak
on board the crucial influence of the reionization epoch
the peak height. On the theory side, it is known that
spectral index may be strongly scale dependent if the infla
has a gauge coupling, leading to what are called runni
mass models. The quite specific, two-parameter predic
for the scale dependence of the spectral index in these m
els has not been compared with presently available data
©2000 The American Physical Society04-1
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II. THE OBSERVATIONAL CONSTRAINTS ON THE
PARAMETERS OF THE LCDM MODEL

Observations of various types indicate that we live in
low density Universe, which is at least approximately fl
@1–5#. In the interest of simplicity we therefore adopt th
cold dark matter model with a cosmological consta
(LCDM model, defined by the requirements that the U
verse is exactly flat, and that the non-baryonic dark matte
cold with negligible interaction. Essentially exact flatness
predicted by inflation, unless one invokes a special kind
model, or special initial conditions. Also, there is no cle
motivation to modify the cold dark matter hypothesis.2 We
shall constrain the parameters of theLCDM model, includ-
ing the spectral index, by performing a least-squares fi
key observational quantities.

A. The parameters

The LCDM model is defined by the spectrumPR(k) of
the primordial curvature perturbation, and the four para
eters that are needed to translate this spectrum into sp
for the matter density perturbation and the CMB anisotro
The four parameters are the Hubble constanth ~in units of
100 km s21 Mpc21), the total matter density parameterV0,
the baryon density parameterVb , and the reionization red
shift zR. As we shall describe,zR is estimated by assumin
that reionization occurs when some fixed fractionf of the
matter collapses. Within the reasonable rangef ;1024 to 1,
the main results are insensitive to the precise value off.

The spectrum is conveniently specified by its value a
scale explored by COBE, and the spectral indexn(k). We
shall consider the usual case of a constant spectral index
the case of running mass models wheren(k) is given by a
two-parameter expression. SincePR(kCOBE) is determined
very accurately by the COBE data@Eq. ~15! below# we fix its
value. ExcludingzR and PR(kCOBE), the L CDM model is
specified by four parameters in the case of a constant spe
index, or by five parameters in the case of running m
inflation models.

B. The data

To compare theLCDM model with observation, we tak
as our starting point a study performed a few years ago@7#.
We consider the same seven observational quantities a
the earlier work, since they still summarize most of the r
evant data. Of these quantities, three are the cosmolog
quantitiesh, V0 , VB , which we are also taking as fre
parameters. The crucial difference between the present
ation and the earlier one is that observation is beginning
pin downh andV0. Judging by the spread of measuremen
the systematic error, while still important, is no longer co
pletely dominant compared with the random error. At leas
some crude level, it therefore makes sense to pretend tha
errors are all random, and to perform a least squares fit.

2In particular, the rotation curves of dwarf galaxies may be co
patible with cold dark matter@6#.
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adopted values and errors are given in Table I, and sum
rized below. In common with earlier investigations, we ta
the errors to be uncorrelated.

~a! Hubble constant. On the basis of observations th
have nothing to do with large scale structure it seems v
likely @1# thath is in the range 0.5 to 0.8. We therefore ado
at notionally the 2-s level, the valueh50.6560.15, corre-
sponding toh50.6560.075 at the notional 1-s level.

~b! The matter density. The case of the total density pa
rameterV0 is similar to that of the Hubble parameter. On th
basis of observations that have nothing to do with large sc
structure, it seems very likely@1# that V0 lies between 0.2
and 0.5, and we adopt at the notional 1-s level the value
V050.3560.075.

~c! The baryon density. As described for instance in@8,9#,
the baryon density parameterVb has two likely ranges. At
the 1-s level, these are estimated in@8# to be Vbh

25.019
6.002 and Vbh

25.0076.0015. We adopt the highVb
range, which is generally regarded as the most likely, tho
our conclusions would be much the same if we were to ad
the low range.

~d! The rms density perturbation at 8h21 Mpc. Primarily
through the abundance of rich galaxy clusters, a useful c
straint on the primordial spectrum is provided by the rm
density contrast, in a comoving sphere with present rad
R;10h21 Mpc, at redshiftz50 to a few. The constrained
quantity is conventionally taken to be the present, linea
evolved rms density contrast atR58h21 Mpc, denoted by
s8. A recent estimate@10# based on low-redshift cluster
gives at 1-s

s85s̃8V0
20.47 ~6!

s̃85.5606.059. ~7!

This constrains the primordial curvature perturbation on
scalek;k8[(8h21 Mpc)21.

~e! The shape parameter. The slope of the galaxy corre
lation function on scales of order 1h21 to 100h21 Mpc is
conveniently specified by a shape parameter@7# G̃, defined
by

G̃5G20.28~n8
2121! ~8!

G5V0h exp~2VB2VB /V0!. ~9!

~The quantityG determines, to an excellent approximatio
the shape of the matter transfer function on scalesk21;1 to
100h21 Mpc, while the second term accounts for the sc
dependence of the primordial spectrum. For definiteness
evaluaten at k5k8, in the case thatn has significant scale

dependence.! A fit reported in@7# gives G̃5.23 with a 15%
uncertainty at 2-s. A more recent fit with more data@11#

givesG̃5.20 to .25, depending on the assumed velocity d
-

4-2
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OBSERVATIONAL CONSTRAINTS ON THE SPECTRAL . . . PHYSICAL REVIEW D 62 103504
persion, but with 15% statistical uncertainty at the 1s

level.3 We therefore adoptG̃5.23, with 15% uncertainty a
1-s.

~f! The COBE normalization of the spectrum. To a good
approximation, the spectrumCl of the CMB anisotropy at
large l is sensitive to the primordial spectrum on the cor
sponding scale at the particle horizon,

k~ l ,V0!5
l

xhor~V0!
~10!

xhor[2H0
21V0

21/2~110.084 lnV0!. ~11!

The COBE measurements cover the range 2< l &30, and
they constrainPR(k) on the corresponding scales. Instead
PR , it is usual in this context to consider a quantitydH ,
which is of direct interest for studies of structure formati
and is defined by

dH~k![
2

5

g~V0!

V0
PR1/2~k! ~12!

g~V0![
5

2
V0S 1

70
1

209V0

140
2

V0
2

140
1V0

4/7D 21

.

~13!

The factorg/V0, normalized to 1 atV051, represents the
V0 dependence of the present, linearly evolved, density c
trast after pulling out the scale-dependent transfer func
andPR . Equivalently,a(V)g(V) is the time dependence o
the density contrast after matter domination.

According to the ordinary~as opposed to ‘‘integrated’’!
Sachs-Wolfe approximation

Cl5
4p

25E0

`dk

k
j l
2~kxhor!PR~k!. ~14!

In the regimel @1, it satisfies Eq.~10! becausej l
2 peaks

when its argument is equal tol. In the LCDM model, the
Sachs-Wolfe approximation is quite good in COBE regim
but still the quality of the data justify using the full~linear!
calculation, given for instance by the output of theCMBFAST

package@12#.
Consider first the casen51 ~scale-independent spec

trum!. In the Sachs-Wolfe approximation, the value ofPR
obtained by fitting the COBE data is independent of the c
mological parametersh, V0 andVb . Using instead the full
calculation, a fit to the data by Bunn and White@13# gives

dH5V0
20.78520.05 lnV0d̃H

105d̃H51.9460.08. ~15!

3See Table III of@11#; in the present context one should focus
the last three rows of the table.
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-

f

n-
n

,

-

As expected, the corresponding spectrum of the curva
perturbation has only mild dependence onV0 (PR
}V0

20.03).
Consider next the case of a scale-independent spectra

dexn5” 1. Dropping an insignificant term quadratic inn21,
the fit of Bunn and White@13# handles then-dependence by
assuming that Eq.~15! holds at a ‘‘pivot’’ scalekCOBE which
is independent ofV0,4

kCOBE[6.6H0 ~16!

Insofar as the approximation Eq.~10! is valid, this corre-
sponds to fixingCl at anV0-dependent value ofl, which is
l 513 for V0, and l 522 for our central valueV05.35.

In the case of a scale-independentn, an alternative fit is
provided by theCMBFAST package, which choosesPR(k) to
fit an n-independent best-fit value ofC10. As expected, the
output of CMBFAST is in good agreement with the Bunn
White fit. Even better agreement is obtained using

kCOBE~V0![13.2/xhor, ~17!

which reduces to Eq.~16! for V051. Insofar as Eq.~10! is
valid, this V0-dependent pivot fork corresponds to an
V0-independent pivot forl, namelyl 513.

We are also interested in the scale-dependentn predicted
by the running-mass inflation models. However, as the ra
of scales explored by COBE corresponds to onlyDN.2,
with the central values ofl the most important, we can tak
the variation ofn to be negligible on these scales.

Guided by these considerations, we have adopted th
slightly different versions of the COBE normalization, ch
sen for convenience according to the context. When ca

lating G̃ ands̃8, we in all cases fixeddH at the central value
given by Eq. ~15!, at the Bunn-White pivot pointkCOBE.
When calculating the height of the first peak in the CM
anisotropy, in the case of the running-mass model, we u
Eq. ~10!, with dH again fixed at the central value given b
Eq. ~15! but now evaluated at the slightly more accura
pivot point kCOBE(V0). Finally, when evaluating the pea
height in the case of scale-independentn, we used a linear fit
to the output ofCMBFAST. Explicit expressions for the pea
height will be given after considering the effect of reioniz
tion.

~g! The peak height. The model under consideration pre
dicts a peak in the CMB anisotropy atl .210 to 230, and
presently available data@2–5# confirm the existence of a
peak at about this position. We adopt as a crucial obse
tional quantityC̃peak, defined as the maximum value of

C̃l[ l ~ l 11!Cl /2p. ~18!

4Keeping the quadratic term, the ‘‘pivot’’ scale at which Eq.~15!
holds is dependent onn, but still independent ofV0. A related fit by
Bunn, Liddle and White@14# keeps a cross term in (n21) andV0,
which makes the ‘‘pivot’’ scale increase withV0

21, though not as
strongly as in Eq.~17! below.
4-3
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Presently available data give conflicting estimates@2–5# of
AC̃peak, with central values in the range 70 to 90mK. We
adopt (80610) mK with the uncertainty taken to be at 1-s.

C. Reionization

The effect of reionization on the CMB anisotropy is d
termined by the optical deptht. We assume sudden, com
plete reionization at redshiftzR, so that the optical deptht is
given by @15,16#

t50.035
Vb

V0
h~AV0~11zR!3112V021!. ~19!

In previous investigations,zR has been regarded as a fr
parameter, usually fixed at zero or some other value. In
investigation, we instead take on board that fact thatzR can
be estimated, in terms of the parameters that we are var
plus assumed astrophysics. Indeed, it is usually suppo
that reionization occurs at an early epoch, when some f
tion f of the matter has collapsed, into objects with mass v
roughly M5106M ( . Estimates off are in the range@17#

1024.4& f &1. ~20!

In the casef !1, the Press-Schechter approximation giv
the estimate

11zR.
A2s~M !

dcg~V0!
erfc21~ f ! ~ f !1!. ~21!

Heres(M ) is the present, linearly evolved, rms density co
trast with top-hat smoothing, anddc51.7 is the overdensity
required for gravitational collapse. (g is the suppression fac
tor of the linearly evolved density contrast at the pres
epoch, which does not apply at the epoch of reionization.! In
the casef ;1, one can justify only the rough estimate

11zR;
s~M !

g~V0!
~ f ;1!. ~22!

@This estimate is not very different from the one that wou
be obtained by usingf 51 in Eq. ~21!.#
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In our fits, we fixf at different values in the above rang
and find that the most important results are not very sensi
to f even though the corresponding values ofzR can be quite
high.

D. The predicted peak height

The CMBFAST package@12# givesCl , for given values of
the parameters withn taken to be scale-independent. Follow
ing @18#, we parameterize theCMBFAST output at the first
peak in the form

AC̃peak5AC̃peak
(0) S 220

10 D n/2

, ~23!

where

n[an~n21!1ah ln~h/0.65!1a0 ln~V0/0.35!

1abh
2~Vb2Vb

(0)!20.65f ~t!t. ~24!

AC̃peak
(0) is the value ofAC̃peakevaluated with each term ofn

equal to zero. The coefficients for the high choiceVb
(0)h2

50.019 arean50.88,ah520.37,a0520.16,ab55.4, and
AC̃peak

(0) 577.5 mK. The formula reproduces theCMBFAST re-
sults within 10% for a 1-s variation of the cosmologica
parameters,h, V0 andVb , andnCOBE51.060.05. With the
function f (t) set equal to 1, the term20.65t is equivalent to

multiplying AC̃peak by the usual factor exp(2t). We use the
following formula, which was obtained by fitting the outpu
of CMBFAST, and is accurate to a few percent over the int
esting range oft:

f 5120.165t/~0.41t!. ~25!

For the running-mass model, we start with the above
timate for n51, and adjust it using Eq.~10!. Adopting the
COBE normalization mentioned earlier, this adjustment i

AC̃peak

AC̃peak
(n51)

5
dH@k~ l ,V0!#

dH@kCOBE~V0!#
. ~26!

In the case of constantn, this prescription corresponds to th
previous one withan50.91, in good agreement with the ou
put of CMBFAST.
is

t,
A
s

FIG. 1. The nominal 1- and 2-s bounds onn.
In the left-hand panel, the reionization redshiftzR

is fixed. In the right-hand panel, reionization
assumed to occur when a fixed fractionf of mat-
ter collapses~corresponding reionization redshif
not shown, is roughly in the range 10 to 35).
result n.1 would rule out most known model
of inflation, a result n..93 would rule out
‘‘new’’ inflation with a cubic potential; these
cases are indicated by horizontal lines.
4-4
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III. CONSTANT SPECTRAL INDEX

A. The observational constraints

Most models of inflation maken roughly scale-
independent, over the cosmologically interesting range.
therefore begin by considering the case thatn is exactly
scale-independent. The resulting bound onn is shown in Fig.
1. In the left-hand panel we make the traditional assump
that reionization occurs at some fixed redshiftzR. In the
right-hand panel we make the more reasonable assump
that it occurs when some fixed fractionf of the matter col-
lapses, in a reasonable range 1024.5, f ,1. The bounds in
the latter case are relatively insensitive tof, because the cor
responding range ofzR is narrower; everywhere on the dis
played curves,zR is within ~usually well within! the range 8
to 36. Details of the fit forzR520 are given in Table I.
Practically the same fit is obtained if instead we fixf at
1021.9.

The least-squares fits were performed with the CE
MINUIT package, and the quoted error bars invoke the us
parabolic approximation~i.e., it they are the diagonal ele
ments of the error matrix!. The exact error bars given by th
same package agree to better than 10%. ForzR, our results
are similar to those obtained in@19#, but more precise be
cause of improvements in our knowledge of the cosmolo
cal parameters; they are also similar to those obtained
@20#, if we take the errors to be the ones given by the er
matrix. ~We do not know why the exact error bars in@20# are
about three times bigger, in conflict with both our work a
that of @19#.!

After we completed this work, the BOOMeranG@3# and
MAXIMA @5# measurements of the CMB anisotropy a
peared, both of which extend to the second acoustic p
Fits to these data@21,22# seem to again give a similar con
straint onn, but the values forVb , Vc and h outside our
adopted 2-s range. At the time of writing, the new CMB
data have not been included in a fit of the type that we
performing~i.e., with with strong prior requirements on th
cosmological parameters, as well as on the small-scale

s̃8 and G̃).

B. Models of inflation giving nË1

Although the quality and quantity of data are insufficie
for a proper statistical analysis, these bounds onn are very

TABLE I. Fit of the LCDM model to presently available data
with zR520. The spectral indexn is a parameter of the model, an
so are the next three quantities. Every quantity exceptn is a data
point, with the value and uncertainty listed in the first two row
The result of the least-squares fit is given in the lines three to fi
All uncertainties are at the nominal 1-s level. The totalx2 is 1.8 for
two degrees of freedom.

n Vbh
2 V0 h G̃ s̃8 AC̃peak

data — 0.019 0.35 0.65 0.23 0.56 80mK
error — 0.002 0.075 0.075 0.035 0.059 10mK
fit 1.064 0.019 0.34 0.63 0.19 0.59 77mK
error 0.077 0.002 0.06 0.06 — — —
x2 — 931025 331022 0.1 1.3 0.2 0.1
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striking when compared with theoretical expectations. Th
expectations@23,16# are summarized5 in Tables II and III,
and we now discuss them beginning with the usual casn
,1 ~red spectrum!. Details of the models and references a
given in @23#.

The simplest prediction is for a potential of the form6

V5V02
1

2
m2f21•••, ~27!

leading ton21522MP
2m2/V0. This is the form that one

expects iff is a string modulus~modular inflation!, or a
pseudo-Goldstone boson~natural inflation!, or the radial part
of a massive field spontaneously breaking a symmetry~topo-

5In the case of the power-law potentials~second and last lines o
Table II!, the stated prediction forn assumes that the field value
smaller than the Planck scale, which in some cases is a non-tr
restriction. With this restriction, all of the exhibited potentials ge
erate gravitational waves with negligible amplitude. We do not c
sider the opposite case, of power-law potentials in which the fi
value is Planckian and significant gravitational waves may be g
erated, because the potential is then sensitive to non-renormaliz
terms whose form is essentially arbitrary. In particular, we do
consider the ‘‘chaotic inflation’’ potentialsV}fp, which give n
2152(21p)/(2N) with a significant gravitational contribution
to the CMB anisotropy. Another restriction is that we do not co
sider ‘‘two-field’’ models, in which there is a family of inflaton
trajectories; these models usually involve large fields, and with fi
tuning they can give a sharp feature in the spectrum. Howeve
recently-proposed two-field model@24# with small field values
gives (n21)/2522/N, which is the same as the prediction of th
last line of Tables II and III withp53.! Finally, we do not consider
models based on non-Einstein gravity, which again usually invo
large field values; one of them gives the exponential potentia
Table II, with the corresponding prediction forN.

6In this expression and in Eqs.~28! and~35!, the remaining terms
are supposed to be negligible, andV0 is supposed to dominate
while cosmological scales leave the horizon.

.
e.

TABLE II. Predictions for the spectral indexn(k). Wave num-
berk is related to number ofe-folds N by d ln k52dN. Constantsq
andQ are positive, andp can have either sign.

Comments V(f)/V0
1
2 (n21)

Mass term
16

1
2

m2

V0
f2

6MP
2m2/V0

p integer<21 or >3 11ucufp
p21

p22

1

Nmax2N
Spont. broken SUSY

11ucu ln
f

Q 2
1

2N
Various models 12e2qf

2
1

N
p.2 or 2`,p,1 12ucufp

2Sp21

p22D 1

N

4-5
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DAVID H. LYTH AND LAURA COVI PHYSICAL REVIEW D 62 103504
logical inflation!. The vacuum expectation value~VEV! of f
in these models is expected to be of orderMP or less, while
the potential Eq.~27! gives^f&;(12n)21/2MP. Therefore,
the present boundn*0.9 is already beginning to disfavo
these models. The potential Eq.~27! may however given
very close to 1 if the potential steepens after cosmolog
scales leave the horizon, for instance in an inverted hyb
inflation model.

Of the remaining models of Table II, those giving a r
spectrum involve a potential basically of the form

V5V0~11cfp1••• !, ~28!

with c negativeand p not in the range 1<p<2. ~‘‘New’’
inflation corresponds top an integer>3, while mutated hy-
brid inflation models account for the rest of the range. T
logarithmic and exponential potentials in Table II may
regarded as the limits respectivelyp→0 andp→2`.! With
this form, the prediction is

n2152S p21

p22D 2

N
. ~29!

For the moment, we ignore the mild scale dependence
setN5NCOBE.

Depending on the history of the Universe,

NCOBE.602 ln~1016GeV/V1/4!2
1

3
ln~V1/4/T reh!2N0 .

~30!

In this expression,Treh is the reheat temperature, while th
final contribution2N0 ~negative in all reasonable cosmol
gies! encodes our ignorance about what happens betwee
end of inflation and nucleosynthesis. Let us pause to disc
this ignorance. In the present context, we are definingTreh as
the temperature when the Universefirst becomes radiation
dominated after inflation. In the conventional cosmology,
diation domination persists until the present matter do
nated era begins, long after nucleosynthesis. If this is
case, and if also slow-roll inflation gives way promptly
matter domination as is the case in most models, thenN0

TABLE III. Predictions for the spectral indexn, for some po-
tentials of the formV0(11cfp) with negative c. The casep→0
corresponds to the potentialV0„11c ln(f/Q)…, and the casep
→2` corresponds toV0(12e2qf). The parameterNCOBE,60 de-
pends on the cosmology after inflation.

p n
NCOBE550 NCOBE520

p→0 0.98 0.95
p522 0.97 0.93
p→6` 0.96 0.90
p54 0.94 0.85
p53 0.92 0.80
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50.7 In this conventional case,NCOBE is largely determined
by V0

1/4, and hence by the model of inflation. It is certainly
the range 32 to 60~lower limit corresponding toV0

1/4

5100 GeV) and much more likely in the range 40 to
~lower limit corresponding toV0

1/4;1010GeV and Treh

;100 GeV).
However, the conventional cosmology need not be c

rect. In particular, the initial radiation-dominated era m
give way to matter domination by a late-decaying partic
and most crucially there may be an era of thermal inflat
@25# during the transition. This unconventional cosmolog
with its huge entropy dilution after inflation, is indeed d
manded in many inflation models, if gravitinos created fro
the vacuum fluctuation@26# persists to late times@27#. Even
one bout of thermal inflation will giveN0;10 and additional
bout~s! cannot be ruled out. Thus, from the theoretical vie
point, NCOBE can be anywhere in the range 0 to 60.

Let us discuss the prediction Eq.~29!, excluding for sim-
plicity the ranges 0,p,1 and 2,p,3 ~recall that the
straightforward ‘‘new’’ inflation models makep an integer
>3). Taking the maximum valueNCOBE.60, we learn that
n,0.93 for p53 ~the lowest prediction!, and n,0.95 for
p54. Looking at the right-hand panel of Fig. 1, we see th
at nominal 1-s level, the former case is ruled out, though
is still allowed at the 2-s level. Stronger results hold i
NCOBE,60. Looking at things another way, a lower boun
on n gives a lower bound onNCOBE,

NCOBE.
p21

p22

2

12n
. ~31!

Even with present data, the 2-s result n*.9 givesNCOBE
*40 for p53, andNCOBE*20 for p@3.

The scale dependence given by Eq.~29! is

dn

d lnk
52

1

2 S p22

p21D ~n21!2,0. ~32!

Over the cosmological range of scales ln(k/kCOBE) is at most
a few, and in particular ln(821hMpc21/kCOBE).4, corre-
sponding to

Dn[n82nCOBE52.02S p22

p21D S n21

0.1 D 2

,0. ~33!

Taking n50.9 to saturate the present bound, this giv
uDnu,0.02 with p>3, anduDnu,0.04 with p<0. Even in
the latter case, the change inn is hardly significant with
present data.

7In some inflation models, slow-roll is followed by an extend
era of fast-roll givingN0 of order a few; for simplicity we ignore
that possibility in the present discussion.
4-6
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C. Models giving nÌ1

Known models givingn.1 ~blue spectrum! are all of the
hybrid inflation type. The simplest case isV5V01 1

2 m2f2; it
gives the scale-independent predictionn2152MP

2m2/V0,
which may be either close to 1 or well above 1.

The other cases involve a potential of the formV5V0(1
1cfp) with positive c, andp an integer>3 or <21. There
is a maximum~early-time! value forN, and the prediction

n215
p21

p22

1

Nmax2N
. ~34!

Barring the fine-tuningNCOBE.Nmax, this gives n21
!0.04, which is compatible with the observational boun
The scale dependence ofn in these models is still given by
Eqs.~32! and~33!; it may be observationally significant onl
in the fine-tuned caseNCOBE.Nmax, which we have not in-
vestigated.

IV. THE RUNNING MASS MODELS

A. The potential

We have also done fits with the scale-dependent spe
index, predicted in inflation models with a running inflato
mass@28–33#. In these models, based on softly broken s
persymmetry, one-loop corrections to the tree-level poten
are taken into account, by evaluating the inflaton ma
squaredm2

„ln(Q)… at the renormalization scaleQ.f,8

V5V01
1

2
m2

„ln~Q!…f21•••. ~35!

Over any small range off, it is a good approximation to
take the running mass to be a linear function of lnf. This is
equivalent to choosing the renormalization scale to be wit
the range, and then adding the loop correction explicitly,

V5V01
1

2
m2~ ln Q!f22

1

2
c~ ln Q!

V0

MP
2
f2 ln~f/Q!.

~36!

The dimensionless quantityc specifies the strength of th
coupling. Let us discuss its likely magnitude, taking for de
nitenessQ5fCOBE.

It has been shown@31# that the linear approximation i
very good over the range off corresponding to horizon exi
for scales betweenkCOBE and 8h21 Mpc. We shall want to
estimate the reionization epoch, which involves a scale
orderkreion

21 ;1022 Mpc ~enclosing the relevant mass of ord
106M (). Since only a crude estimate of the reionization e

8The choiceQ.f is to be made in the regime wheref is bigger
than the relevant masses. WhenQ falls below the relevant masse
m2(Q) becomes practically scale-independent~the mass ‘‘stops
running’’!. We have a running mass model if inflation takes place
the former regime, which happens in some interesting cases@31,32#,
including that of a gauge coupling.
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och is needed, we shall assume that the linear approxima
is adequate down to this ‘‘reionization scale.’’ In oth
words, we assume that it is adequate forf betweenfCOBE
andf reion, the subscripts denoting the value off when the
relevant scale leaves the horizon. Within this range, we i
convenient to write Eq.~37! in the form @31#

V5V02
1

2

V0

MP
2

cf2S ln
f

f*
2

1

2D , ~37!

so that

V852
V0

MP
2

cf ln
f

f*
. ~38!

In these expressions, the constantsc andf* both depend on
the renormalization scaleQ, which can be chosen anywher
in the range corresponding to cosmological scales~say Q
5fCOBE). The dimensionful constantf* is related to the
mass-squared by

ln~f* /Q!5
m2~Q!MP

2

c~Q!V0
2

1

2
. ~39!

Note that the limit of no running,c→0, corresponds to finite
cu ln(f/f* )u, so that Eq.~37! in that limit gives back Eq.~35!
with a constant mass.

In general, the pointf5f* may be far outside the re
gime where the linear approximation Eq.~37! applies. How-
ever, in simple models the cosmological regime is su
ciently close to that point that the linear approximation
approximately valid there. In that case, we can trust the
~37! and its derivatives forf5f* ; sinceV8 vanishes at that
point, there are four clearly distinct models of inflation
shown in Fig. 2. The labeling~i!, ~ii !, ~iii ! and~iv! is the one
introduced in@31#. In models~i! and~ii !, c is positive and the
potential has a maximum nearf* , while in models~iii ! and
~iv!, c is negative and there is a minimum. In models~i! and
~iv!, f moves towards the origin, while in models~ii ! and
~iii ! the opposite is true. Even if Eq.~37! is not valid near
f5f* , this fourfold classification of models, according
the sign ofc and the direction of motion off, is still useful.

Let us discuss the likely magnitude ofc, assuming that a
single coupling dominates the loop correction. The value oc
is conveniently obtained from the well-known RGE fo
dm2/d(lnQ). If a gauge coupling dominates one finds@29#

V0c

MP
2

5
2C

p
am̃2. ~40!

Here,C is a positive group-theoretic number of order 1,a is
the gauge coupling, andm̃ is the gaugino mass. We see th
if the loop correction comes from a single gauge coupling
is positive, corresponding to model~i! or model ~ii !. If a
Yukawa coupling dominates, one finds@32# ~for negligible
supersymmetry breaking trilinear coupling!
4-7
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FIG. 2. Sketches of the poten
tial for the different models in the
case an extremum exists: the rig
panel shows the inflaton behavio
for models~i! and ~ii !, while the
left panel shows models~iii ! and
~iv!.
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D

16p2 ulu2mloop
2 , ~41!

whereD is a positive constant counting the number of sca
particles interacting with the inflaton,mloop

2 is their common
SUSY breaking mass-squared, andl is their common
Yukawa coupling. In this case,c can be of either sign.

To complete our estimate ofc, we need the gaugino o
scalar mass. The traditional hypothesis is that soft supers
metry breaking is gravity-mediated, and in the context
inflation this means that the scaleMS of supersymmetry
breaking will be roughlyV0

1/4. ~As usual we are defining
MS[AF, whereF is the auxiliary field responsible for spon
taneous supersymmetry breaking in the hidden sector.
also assume that there is no accurate cancelation in the
mula V5uFu223MP

2m3/2
2 , which is the case in most supe

symmetric inflation models@23#.! With gravity-mediated
SUSY breaking, typical values of the masses arem̃2

;umloop
2 u;V0 /MP

2 , which makesucu of order of the coupling
strengtha or ulu2. At least in the case of a gauge couplin
one then expects

ucu;1021 to 1022. ~42!

In special versions of gravity-mediated SUSY breaking,
masses could be much smaller, leading toucu!1. In that
case, the mass would hardly run, and the spectral in
would be practically scale-independent. With gaug
mediated SUSY breaking, the masses could be much big
this would not lead to a model of inflation~unless the cou-
pling is suppressed! because it would not satisfy the slow
roll requirementucu&1.

B. The spectrum and the spectral index

Using Eq.~2! we find

secDN(k)5c ln~f* /f! ~43!

DN~k![NCOBE2N~k![ ln~k/kCOBE!, ~44!
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wheres is an integration constant.9 Equation~5! then gives

n~k!21

2
5secDN(k)2c. ~45!

Some lines of fixednCOBE in the planes versusc are shown
in the left-hand panel of Fig. 3. In order to evaluate Eq.~26!,
we also need the variation ofdH which comes from integrat-
ing this expression,

dH~k!

dH~kCOBE!
5expF s

c
~ecDN21!2cDNG . ~46!

We are mostly interested in cosmological scales betw
kCOBE andk8, corresponding to 0&DN&4. In this range the
scale-dependence ofn is approximately linear~taking ucu
&1) and the variationDn[n82nCOBE is given approxi-
mately by

Dn.4
dn

d lnk
.8sc. ~47!

In contrast with the prediction Eqs.~32! and ~33! of the
earlier models we considered,Dn is positive. Also in con-
trast with those models, it is not tied to the magnitude
un21u, and ~as we shall see! may be significant even with
present data, for physically reasonable values of the par
eters. In the right-hand panel of Fig. 3, we show the branc
of the hyperbola 8sc5Dn, for the reference valueDn
50.04. Within the hyperbola, the scale dependence ofn is
probably too small to be significant with present data.

The spectral index Eq.~45! depends on the couplingc,
which we already discussed, and the integration constans.
To satisfy the slow-roll conditionsMP

2uV9/Vu!1 and
MP

2(V8/V)2!1, bothc ands must be at most of order 1 in
magnitude. Significant additional constraints ons follow, if
we make the reasonable assumptions that the mass cont
to run to the end of slow-roll inflation, and that the line
approximation remainsroughly valid. Indeed, settingDN

9In an earlier paper@31# we useds[secNCOBE, but s is more
convenient.
4-8
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FIG. 3. The parameter space for the running mass model. In the left-hand panel we show the straight lines correspondingnCOBE

51.2, 1.0, and 0.8. Also shown in the left-hand panel are the lower bound Eq.~48!, the upper bound Eq.~49!, and~diagonal line in upper
right quadrant! the weak lower bound Eq.~50!. @The weak upper bound Eq.~51! is off the scale.# As explained in the text, these curves defi
the theoretically reasonable region of the parameter space. In the right-hand panel, we show the region allowed by observation,
that reionization occurs whenf .1. Note that the allowed region is parallel to the fixednCOBE lines aroundnCOBE.1, as one would expect
To show the scale dependence of the prediction forn, we also show in this panel the branches of the hyperbola 8sc5Dn[n82nCOBE, for
the reference valueDn50.04.
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5NCOBE, Eq. ~43! becomess5e2cNCOBEc ln(f* /fend). Dis-
counting the possibility that the end of inflation is very fin
tuned, to occur close to the maximum or minimum of t
potential, this gives a lower bound

usu*e2cNCOBEucu. ~48!

In the case of positivec @models~i! and~ii !#, we also obtain
a significant upper bound by settingDN5NCOBE in Eq. ~45!,
and remembering that slow-roll requiresun21u&1:

usu&e2cNCOBE ~c.1!. ~49!

In the simplest case, that slow-roll inflation ends whenn
21 actually becomes of order 1, this bound becomes
actual estimate,usu;e2cNCOBE.

In the case of models~i! and ~iv!, the mass may cease t
run before the end of slow-roll inflation~but after cosmologi-
cal scales leave the horizon, or the running mass mo
would not apply! at some pointNrun. In this somewhat fine-
tuned situation,NCOBE in the above estimates should be r
placedNCOBE2Nrun, which may be much less thanNCOBE.
In the case of model~iv!, this leads to a weaker lower boun

s*ucu ~c,0!. ~50!

In the case of model~i! it leads to a weaker upper bound

s&1 ~c.0!. ~51!

In the left-hand panel of Fig. 3, we show the bounds relev
to the choice of parameter’s ranges, i.e. the lower bound
~48!, the upper bound Eq.~49! and the weak lower bound
Eq. ~50!.

C. The magnitude of the spectrum

Although it is not directly relevant for our investigation o
the spectral index, we should mention the constraint on
10350
n

el

t
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e

running mass model that comes from the observed ma
tudePR1/2.1025 of the spectrum. From Eq.~1!,

4

25
PR5

V0

f
*
2 MP

2
expS 2s

c D 1

usu2
. ~52!

This prediction involvesV0 and f* , in addition to the pa-
rametersc ands that determine the spectral index.

The simplest thing is to again assume gravity-media
SUSY breaking, with the ultra-violet cutoff at the tradition
scale aroundMP, and the same supersymmetry breaki
scale during inflation as in the true vacuum so thatV0

1/4

;1010GeV. In this scenario, one expectsum2(Q)u;V0 /MP
2

at Q;MP. As Stewart pointed out in the first paper on th
subject, with this very traditional set of assumptions, E
~52! can give the correct COBE normalization, withucu in
the physically favored range 1021 to 1022.10

It is remarkable that the most traditional set of assum
tions can give a model with the correct COBE normalizatio
and, as we shall see, with a viable spectral index. If o
relaxes these assumptions, there is much more freedom
choosingV0 andf* . Such freedom may be very welcom
in coping with the difficulty of implementing inflation in the
context of large extra dimensions@34#.

D. Observational constraints on the running mass models

Extremizing with respect to all other parameters, we ha
calculatedx2 in thes vs c plane and obtained contour leve
for x2 equal to the minimum value plus 2.41 and 5.99
spectively, corresponding nominally to the 70% and 95

10At the crudest level, one can verify this using the linear appro
mation Eq.~37! all the way up to thef;MP, corresponding to
ln(MP/f* );1/c;10 to 100. Proper calculations@29–31# using the
renormalization group equations~RGE’s! lead to the same conclu
sion.
4-9
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FIG. 4. Allowed region in thenCOBE21 vs
n821 plane at 95% C.L.~solid line! and 70%
C.L. ~dashed line! for positives andc @model~i!#.
The two panels correspond to different hypot
eses about the reionization epoch. In the rig
panel, it is assumed that reionization occurs wh
a fraction f 51022.2 of the matter has collapse
into bound structures, while in the left panel th
fraction is taken to bef ;1.
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confidence level in two variables.„The x2 function presents
actually two nearly degenerate minima in the allowed regi
one in the positive and one in the negative quadrants@models
~i! and~iii !#, separated by a very low barrier, but we assu
that the usual quadratic estimate of the probability conten
not very far from the true value.…

The allowed region is shown in the right-hand panel
Fig. 3, for the case that reionization occurs whenf .1. For
c50 or s50 the constantn result is recovered withn21
522c or 2s; our plots give in this case a slightly large
allowed interval with respect to the two sigma value in t
previous section, due to the mismatch between the statis
one variable and two variables 95% C.L. contours. This
lowed region is not too different from the one that we es
mated earlier@31#, by imposing the crude requirementun
21u,0.2 at both the COBE scale and the low scale cor
sponding toNCOBE210. @Note that in the earlier work we
used the less convenient variables[s exp(cNCOBE), instead
of s.#

The allowed region for models~ii ! and~iv! lies inside the
hyperbola corresponding toDn5.04, which means that thei
scale-dependence is hardly significant at the level of pre
data. In contrast, the allowed region for models~i! and ~iii !
extends toDn>0.2, representing an extremely significa
scale dependence even with present data. To demons
this, we show in Figs. 4 and 5 the allowed regions for mod
10350
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~i! and ~iii ! in the n8 versusnCOBE plane. In the case o
model ~iii !, the theoretical bounds on the parameters rest
the parameter space to a small corner of the allowed reg
within which n has negligible variation. In contrast, there
no significant theoretical restriction on the parameters in
case of model~i!, andn has significant variation in a physi
cally reasonable regime of parameter space. In both cas
lower value of the fraction of collapsed matterf just reduces
the allowed region at large n, without affecting significan
the allowed scale-dependence of n.

In the case of model~i!, a further observational constrain
comes from the requirement that the density perturbation
scales leaving the horizon at theendof inflation, should be
small enough to avoid dangerous black hole formation. T
linear approximation is not adequate on such small sca
and one should instead evaluate the running mass using
RGE. The simplest assumption is that the RGE correspo
to a single gauge coupling, either with or without asympto
freedom@30#. The black hole constraint has been evalua
for these cases@35#. The constraint amounts more or less
an upper bound onnCOBE, typically in the range 1.1 to 1.3
depending on the choices ofNCOBE and other parameters
Such a bound significantly reduces the allowed region
parameter space, but still leaves a region wheren has a
strong variation.
nt
FIG. 5. Allowed region in thenCOBE21 vsn821 plane for negatives andc @model~iii !#. Again the two panels correspond to differe
reionization epoch hypothesis, as in Fig. 4. The allowed region is below the dotted linen85nCOBE, and above the solid~dashed! line at 95%
~70%! confidence level. These lines do not depend on the value ofNCOBE. The line s5cecNCOBE is also drawn forNCOBE550. The
theoretically favored regimeusu>ucuecNCOBE is the sector between this line and then85nCOBE line. The region of positiven821 and/or
nCOBE21 is not shown, since it corresponds toucu@usue2cNCOBE.
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V. CONCLUSION

In the context of theLCDM model, we have evaluate
the observational constraint on the spectral indexn(k). This
constraint comes from a range of data, including the he
of the first peak in the CMB anisotropy, which we take to
80610 mK ~nominal 1-s). Reionization is assumed to oc
cur when some fixed fractionf of the matter collapses, an
the most important results are insensitive to this fraction
the reasonable range 1024& f &1.

We first considered the case thatn has negligible scale
dependence, comparing the observational bound with
prediction of various models of inflation. A significant im
provement in the 2-s lower bound, which may well occu
with the advent of slightly better measurements of the CM
anisotropy, will become a serious discriminator betwe
models of inflation. Even the present bound has serious
plications if, as is very possible, late-time gravitino creati
or some other phenomenon requires an era of thermal in
tion after the usual inflation.

We also considered the running mass models of inflat
where the spectral index can have significant scale de
dence. Because of this scale dependence, it is in this
crucial to fix not the epoch of reionization, but the fractionf
of matter that has collapsed at that epoch. We presente
sults for the choicef 51 ~corresponding tozR.13 if the
c
r,

.
.

-
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spectral index has negligible scale dependence!, and for a
perhaps more reasonable choicef 51022.2. In the running-
mass models, the scale-dependent spectral indexn(k) is
given by n215s exp(cDN)2c, where DN5 ln(kCOBE/k).
The parameters in this expression can be of either sign, le
ing to four different models of inflation. Barring fine-tuning
one expects s to be in the range ucue2cNCOBE&usu
&e2cNCOBE. The parameterc depends on the nature of th
soft supersymmetry breaking, but in the simplest case
gravity-mediation it becomes a dimensionless coupl
strength, presumably of order 1021 to 1022 in magnitude.

Without worrying about the origin of the parametersc and
s, we have investigated the observational constraints
them. In the casec,s.0 @referred to as model~i!# we find
that n can have a significant variation on cosmologic
scales, withn21 passing through zero signaling a minimu
of the spectrum of the primordial curvature perturbation. In
future paper, we shall exhibit the possible effect of this sc
dependence on the CMB anisotropy, at and above the
peak.
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