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Observational constraints on the spectral index of the cosmological curvature perturbation
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We evaluate the observational constraints on the spectral imdexthe context of the\CDM hypothesis
which represents the simplest viable cosmology. We first tat@be practically scale independent. Ignoring
reionization, we find at a nominal 2-level n=1.0=0.1. If we make the more realistic assumption that
reionization occurs when a fractidn-10"° to 1 of the matter has collapsed, theo2lower bound is un-
changed while the 1= bound rises slightly. These constraints are compared with the prediction of various
inflation models. Then we investigate the two-parameter scale-dependent spectral index, predicted by running-
mass inflation models, and find that present data allow significant scale dependenaghath occurs in a
physically reasonable regime of parameter space.

PACS numbegs): 98.80.Cq

. INTRODUCTION dInPp

nk)y—1=——. 3
It is generally supposed that structure in the Universe (k) dink ©)

originates from a primordial Gaussian curvature perturba-

tion, generated by slow-roll inflation. The spectr@a(k) of . i . o .

the curvature perturbation is the point of contact betweerficcording to most inflation models has negligible varia-

observation and models of inflation. It is given in terms oftion on cosmological scales so thBck™ *, but we shall

the inflaton potentiaV( ) by also discuss an interesting class of models giving a different
scale dependence.

4 1 V3 From Egs.(1) and(2),

25 e v W

n—1=2M3(V"IV)—3M3(V'/V)?, %)
where the potential and its derivatives are evaluated at the
epoch of horizon exik=aH. To work out the value ofp at

this epoch one uses the relation and in almost all models of inflation, E¢) is well approxi-

mated by

¢
- —M-2 '
IN(Kena/K)=N(K) =M Lend(wv )deb, ¥) - 1=2M2VIV). ©

whereN(k) is actually the number aé-folds from the hori- )

zon exit to the end of slow-roll inflation. At the scale ex- We see that the spectral index measures shapeof the
plored by the Cosmic Background ExploréEOBE) mea- inflaton potentiaM(¢), being independent of its overall nor-
surement of the cosmic microwave backgrouf@MB) malization. For this reason, it is a powerful discriminator
anisotropy,N(kcoss) depends on the expansion of the Uni- Petween models of inflation.

verse after inflation in the manner specified by E3p) be- The observational constraints on the spectral index have
low. been studied by many authors, but a new investigation is

Given this prediction, the observed large-scale normaliza1UStifie_d for two reasons. On the ob.servgtional side, the.cos-
tion PY2=10"° provides a strong constraint on models ofm0_Iohgt'C?ltﬁar?mteterska_fetﬁt last btti‘lng L:an(a:(?vl oll30wn_, a::, is the
inflation. Taking that for granted, we are here interested ir'€'9" O the Tirst peakin the spectrum the anisotropy.

the scale dependence of the spectrum, defined by the, in gef® Study has yet been given which takes on board these
eral, scale-dependent spectral index observational developments, while at the same time taking

on board the crucial influence of the reionization epoch on
the peak height. On the theory side, it is known that the
_ _ spectral index may be strongly scale dependent if the inflaton
As usuaI,ME:2.4>< 10'®GeV is the Planck mass, is the scale  has a gauge coupling, leading to what are called running-
factor andH =a/a is the Hubble parameter, anda is the wave mass models. The quite specific, two-parameter prediction
number. We assume the usual slow-roll conditiongV"/V|<1  for the scale dependence of the spectral index in these mod-
andM2(V'/V)?<1, leading to H¢p=—V'. els has not been compared with presently available data.

0556-2821/2000/620)/10350411)/$15.00 62 103504-1 ©2000 The American Physical Society



DAVID H. LYTH AND LAURA COVI PHYSICAL REVIEW D 62 103504

[l. THE OBSERVATIONAL CONSTRAINTS ON THE adopted values and errors are given in Table |, and summa-
PARAMETERS OF THE ACDM MODEL rized below. In common with earlier investigations, we take
Observations of various types indicate that we live in athe errors to be uncorrelated. ; -
low density Universe, which is at least approximately flat @ Hub'ble constaptOn the basis of obseryatlons that
' have nothing to do with large scale structure it seems very

[ctl_ ds]' dlgrlfh?n;i:esr;gcfieslln\:\llai!clﬁlt)g V\ée()strl%e()rle()l‘ Oirceala(i%%ts,:gﬁtlikely [1] thathis in the range 0.5 to 0.8. We therefore adopt,
9 at notionally the 2¢ level, the valueh=0.65+0.15, corre-

(ACDM model, defined by the requirements that the Umfsponding toh=0.65+0.075 at the notional 1 level.

verse is exactl_y_flat,_and the_lt the non-b_aryonlc dark matter is (b) The matter densityThe case of the total density pa-
cold with negligible interaction. Essentially exact flatness is ameter().. is similar to that of the Hubble parameter. On the
predicted by inflation, unless one invokes a special kind ot . 0 . . P . '

asis of observations that have nothing to do with large scale

model, or special initial conditions. Also, there is no clearStructure it seems very likelj1] that O, lies between 0.2
. . . ’ 0 .
motivation to modify the cold dark matter hypotheSi/e and 0.5, and we adopt at the notionalrllevel the value

shall constrain the parameters of th€ DM model, includ- 0(10=O.35i0.075.

:(ne% tcr)]t()aszf\?;t?ﬁ:allngj;}]tﬁ?/es erforming & least-squares fit t (c) The baryon densityAs described for instance [18,9],
' the baryon density parameté€), has two likely ranges. At
the 1o level, these are estimated [i8] to be O h?=.019
A. The parameters +.002 and Q;h?=.007+.0015. We adopt the highl,
The ACDM model is defined by the spectruy,(k) of  range, which is generally regarded as the most likely, though
the primordial curvature perturbation, and the four param-our conclusions would be much the same if we were to adopt
eters that are needed to translate this spectrum into spectifa low range.
for the matter density perturbation and the CMB anisotropy. (d) The rms density perturbation at 8f Mpc. Primarily
The four parameters are the Hubble constarin units of  through the abundance of rich galaxy clusters, a useful con-
100 kms *Mpc™?), the total matter density parame®@g, straint on the primordial spectrum is provided by the rms
the baryon density parameté),, and the reionization red- density contrast, in a comoving sphere with present radius
shift zz. As we shall describezg, is estimated by assuming R~10h~*Mpc, at redshiftz=0 to a few. The constrained
that reionization occurs when some fixed fractionf the  quantity is conventionally taken to be the present, linearly
matter collapses. Within the reasonable rafgel0 4 to 1,  evolved rms density contrast &=8h"'Mpc, denoted by
the main results are insensitive to the precise valug of og. A recent estimat¢10] based on low-redshift clusters
The spectrum is conveniently specified by its value at gives at le
scale explored by COBE, and the spectral indék). We ~ o
shall consider the usual case of a constant spectral index, and og=0g{dg (6)
the case of running mass models wha(&) is given by a
two-parameter expression. Sing®;(kcope) is determined -
very accurately by the COBE d4t&q. (15) below] we fix its og=.560+.059. (7)
value. Excludingzg and Pr(kcogg), the A CDM model is
specified by four parameters in the case of a constant spectr.
index, or by five parameters in the case of running mas
inflation models.

his constrains the primordial curvature perturbation on the
Scalek~kg=(8h~*Mpc) ™.

(e) The shape parametefhe slope of the galaxy corre-
lation function on scales of orderhl® to 10th~*Mpc is
conveniently specified by a shape paraméf@rl’, defined

To compare the\ CDM model with observation, we take by
as our starting point a study performed a few years [d4o
We consider the same seven observational quantities as in _
the earlier work, since they still summarize most of the rel- '=r-0.28ng1-1) (8)
evant data. Of these quantities, three are the cosmological
guantitiesh, Q,, Qg, which we are also taking as free
parameters. The crucial difference between the present situ- '=Qph exp —Qg—Qg/Qy). 9
ation and the earlier one is that observation is beginning to

pin downh and(),. Judging by the spread of measurements, , . o
the systematic error, while still important, is no longer com-(The quantityl’ determines, to an excellent approximation,

pletely dominant compared with the random error. At least af"® sy?pe of the matter transfer function on schlels-1 to
some crude level, it therefore makes sense to pretend that t49th~~Mpc, while the second term accounts for the scale

errors are all random, and to perform a least squares fit. THééPendence of the primordial spectrum. For definiteness, we
evaluaten at k=kg, in the case thah has significant scale

dependencg A fit reported in[7] givesfz .23 with a 15%
2In particular, the rotation curves of dwarf galaxies may be com-uncerf,alnty at 20. A more recent fit with more datpl1]
patible with cold dark mattefi6]. givesI'=.20 to .25, depending on the assumed velocity dis-

B. The data
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persion, but with 15% statistical uncertainty at thes1- As expected, the corresponding spectrum of the curvature
level3 We therefore adopk =.23, with 15% uncertainty at p%tyggg)t'on has only mild dependence di, (Pr
1l-0. *3io .

(f) The COBE normalization of the spectruffo a good Consider next the case of a scale-independent spectral in-
approximation, the spectrui@, of the CMB anisotropy at dexn#l. Dropping an .insignificant term quadraticrin-1,
large| is sensitive to the primordial spectrum on the corre-the fit of Bunn and Whit¢13] handles ther-dependence by

sponding scale at the particle horizon, assuming that Eq15) holds at a “pivot” scalekcpge Which
is independent of),*

k(1,Q¢)= ——=— 10 k =6.6H 16
(100 =7—5 (10 cose=6.6Ho (16)
il —1p Insofar as the approximation E@L0) is valid, this corre-
Xnor=2Ho "o "(1+0.084In0)). 1D sponds to fixingC, at an{)y-dependent value df which is
=13 for )y, andl =22 for our central valu€),=.35.
The COBE measurements cover the rangel 230, and In the case of a scale-independentan alternative fit is
they popstraer?R.(k) on the correspondmg scales. Ingtead Ofprovided by thecMBFAST package, which choosey(k) to
Pr, it is usual in this context to consider a quantidyj, it an n-independent best-fit value &,,. As expected, the
which is of direct interest for studies of structure formatlonoutput of CMBFAST is in good agreement with the Bunn-
and is defined by White fit. Even better agreement is obtained using
29(Q =
Su(k)=¢ _g(Q O)pRl/Z(k) (12) Kcose(20)=13.2Kpor, 17
0
which reduces to Eq16) for (1o=1. Insofar as Eq(10) is
5 1 2090, Q3 . -1 valid, this Qq-dependent pivot fork corresponds to an
9(Q0)=5%| 75+ 70~ 720 Lo : Q-independent pivot fof, namelyl = 13.
(13) We are also interested in the scale-dependgmiedicted

by the running-mass inflation models. However, as the range
of scales explored by COBE corresponds to oalj=2,

The factorg/(),, normalized to 1 af)y=1, represents the ith th | val dfth i k
), dependence of the present, linearly evolved, density cont/tn the centra values diihe most important, we can take

trast after pulling out the scale-dependent transfer functiof€ variation ofn to be negligible on these scales.

; ; ; Guided by these considerations, we have adopted three
andPy. E alently,a(2)g(Q) is the time dependence of . ) ’ R
the Zj)gnsit)?uclc\)/ntrastyaft(er)rgfattgerl dominlation P slightly different versions of the COBE normalization, cho-

According to the ordinaryas opposed to “integrated” sen for convenience according to the context. When calcu-

Sachs-Wolfe approximation latingI" andog, we in all cases fixedy at the central value
given by Eq.(15), at the Bunn-White pivot poinkcoge.
Ax (»dk When calculating the height of the first peak in the CMB
CFgL 7 T (KXno) Pr(K). (14 anisotropy, in the case of the running-mass model, we used

Eg. (10), with 8§, again fixed at the central value given by
Eq. (15 but now evaluated at the slightly more accurate
pivot point kcoge(€2g). Finally, when evaluating the peak
height in the case of scale-independenive used a linear fit
to the output ofcMBFAST. Explicit expressions for the peak
height will be given after considering the effect of reioniza-

In the regimel>1, it satisfies Eq(10) becausej? peaks
when its argument is equal to In the ACDM model, the
Sachs-Wolfe approximation is quite good in COBE regime
but still the quality of the data justify using the fulinear)
calculation, given for instance by the output of ttieBFAST tion.

package[12]. (g) The peak heightThe model under consideration pre-

Consider first the case=1 (s.cale_-independent SPEC- gicts a peak in the CMB anisotropy b+=210 to 230, and
trum). In the Sachs-Wolfe approximation, the value®t  hesently available dati2—5] confirm the existence of a

obtained by fitting the COBE data is independent of the Cosbeak at about this position. We adopt as a crucial observa-

mological parameterh, ()5 and(},. Using instead the full tional ity e defined as th . | f
calculation, a fit to the data by Bunn and WHhjtS] gives lonal quUantity®pea, defineéd as the maximum value o

5H:Q;O'785"0'05 |n90—3H Ci=l(I+1)C/2m7. (18

1053” =1.94-0.08, (19 “4Keeping the quadratic term, the “pivot” scale at which E#5)

holds is dependent am but still independent of),. A related fit by
Bunn, Liddle and Whité14] keeps a cross term im(-1) and{,,
3See Table Il off 11]; in the present context one should focus on which makes the “pivot” scale increase wimgl, though not as
the last three rows of the table. strongly as in Eq(17) below.
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Presently available data give conflicting estimdt2s5| of In our fits, we fixf at different values in the above range,

‘/"(;peak with central values in the range 70 to 99K. We  and find that the most important results are not very sensitive

adopt (8@-10) K with the uncertainty taken to be atd- LQ fheven though the corresponding valuezgftan be quite
igh.
C. Reionization D. The predicted peak height
The effect of reionization on the CMB anisotropy is de-
termined by the optical depth. We assume sudden, com-
plete reionization at redshifiz, so that the optical depthis
given by[15,16

The cMBFAST packagd 12] givesC,, for given values of
the parameters with taken to be scale-independent. Follow-
ing [18], we parameterize theMBFAST output at the first
peak in the form

T=0.035%h(\/ﬂo(1+ZR)3+ 1-Q¢—1). (19 JE—_ & 220, "2
QO Cpeak: Cpea E ) (23)

In previous investigationgg has been regarded as a free where
parameter, usually fixed at zero or some other value. In this
investigation, we instead take on board that fact #atan v=a,(n—1)+a,In(h/0.69+a,In(,/0.35
be estimated, in terms of the parameters that we are varying 2 0 (0 _
plus assumed astrophysics. Indeed, it is usually supposed +aph™(Qp= 0y )~ 0.65 (7). (24

that reionization occurs at an early epoch, when some frac-/=) . = .
tion f of the matter has collapsed, into objects with mass very CpeaxlS the value ofVCpeqevaluated with each term of

roughly M —10PM , . Estimates of are in the rangé17] equal to zero. The coefficients for the high choia¢”h?
=0.019 area,=0.88,a,= —0.37,ap=—0.16,a,=5.4, and
10 44<f<1. 200  VCieu=77.5 uK. The formula reproduces temerAST re-
sults within 10% for a 1¢ variation of the cosmological
Sparametersh, QO andQy, andneoge= 1.0+ 0.05. With the
functionf(7) set equal to 1, the term 0.65r is equivalent to

multiplying \/Epeak by the usual factor exp{7). We use the

In the casef<1, the Press-Schechter approximation give
the estimate

V2o (M) following formula, which was obtained by fitting the output
1+zp= ———— erfc }(f) (f<1). (21) of CMBFAST, and is accurate to a few percent over the inter-
5:9(£2o) esting range of-;
Herea (M) is the present, linearly evolved, rms density con- f=1-0.165/(0.4+ 7). (25)

trast with top-hat smoothing, ang,=1.7 is the overdensity . )
required for gravitational collapseg (s the suppression fac- For the running-mass quel,_we start with the_ above es-
tor of the linearly evolved density contrast at the presenfimate forn=1, and adjust it using Eq10). Adopting the
epoch, which does not apply at the epoch of reionization. COBE normalization mentioned earlier, this adjustment is

the casef ~ 1, one can justify only the rough estimate —
VCpeak  nlk(l,Q0)] 28
M — — - .
l+ZR~ ga-((Qo)) (f""l) (22) ‘/C[(JZ;I:(L) 5H[kCOBE(QO)]

In the case of constamt this prescription corresponds to the
[This estimate is not very different from the one that wouldprevious one witra,=0.91, in good agreement with the out-
be obtained by usin§=1 in Eq.(21).] put of CMBFAST.

T4 T FIG. 1. The nominal 1- and 2~bounds om.
In the left-hand panel, the reionization redskift
is fixed. In the right-hand panel, reionization is
assumed to occur when a fixed fractibof mat-

T ter collapsegcorresponding reionization redshift,
not shown, is roughly in the range 10 to 35). A
1 1 resultn>1 would rule out most known models

-------------- - of inflation, a resultn>.93 would rule out
08 1 08 7 “new” inflation with a cubic potential; these
cases are indicated by horizontal lines.

0 5 10 15 20 25 30 35 40 0 05 1 15 2 25 3 85 4
z R log_10{1/)
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TABLE I. Fit of the ACDM model to presently available data, TABLE II. Predictions for the spectral index(k). Wave num-
with zg=20. The spectral inder is a parameter of the model, and berk is related to number a&folds N by d In k=—dN. Constants)
so are the next three quantities. Every quantity excejsta data andQ are positive, angb can have either sign.
point, with the value and uncertainty listed in the first two rows.
The result of the least-squares fit is given in the lines three to five. Comments V(p)IV, i(n-1)
All uncertainties are at the nominald {evel. The totaly? is 1.8 for

two degrees of freedom. Mass term o1 m? P +Mam?/Vo
_2_
Vo
2 ~ ~ =
n Q4h Qo h r g VCpeak  pinteger<—1 or=3 1+|c|gP p—-1 1
data — 0.019 0.35 0.65 0.23 056 &K 2N N
eror — 0002 0075 0075 0.035 0.059 MK  gnont proken SUSY é 1”‘“
fit 1064 0019 034 063 019 059 7ZK 1+|cling o
error 0.077  0.002 0.06 0.06 — — . del —q6
X} — 9x10° 3x102 01 13 02 01 Vvariousmodels te 1
N
_ — p
Ill. CONSTANT SPECTRAL INDEX p=2or—x<p<l 1-lel¢ ,(pfl)f
p—2/N

A. The observational constraints

Most models of inflation maken roughly scale-
independent, over the cosmologically interesting range. We_ . . _ . .
therefore begin by considering the case thais exactly striking vyhen compared with the_oret!cal expectations. These
scale-independent. The resulting boundnda shown in Fig.  eXpectationg 23,16 are summarizedin Tables I and IIl,
1. In the left-hand panel we make the traditional assumptiof@nd we now discuss them beginning with the usual ease
that reionization occurs at some fixed redstift. In the <1 (red spectrum Details of the models and references are
right-hand panel we make the more reasonable assumptio@iiven in[23].

that it occurs when some fixed fractiérof the matter col- The simplest prediction is for a potential of the férm
lapses, in a reasonable range 48<f<1. The bounds in

the latter case are relatively insensitivef tbecause the cor- VeV lmz B2t - 27)
responding range dfy is narrower; everywhere on the dis- o 2 '

played curveszg is within (usually well within the range 8

to 36. Details of the fit forzz=20 are given in Table I. leading ton—1=—2M§m2/V0. This is the form that one
Practically the same fit is obtained if instead we fidat  expects if¢ is a string modulugmodular inflation, or a
1014, pseudo-Goldstone bosgnatural inflation, or the radial part

The |ea.St'SquareS fits were performed Wlth the CERI\bf a massive field Spontaneous|y breaking a Symn‘(wgo-
MINUIT package, and the quoted error bars invoke the usual

parabolic approximatiorii.e., it they are the diagonal ele-
ments of the error matrjx The exact error bars given by the _ )
same package agree to better than 10%.Zggrour results In the case of the power-law potentigiecond and last lines of
are similar to those obtained {r19], but more precise be- Table I)), the stated prediction far assumes that the field value is
cause of improvements in our know|edge of the Cosmo|ogi5ma”er than the Planck Scale, which in some cases is a non-trivial
cal parameters; they are also similar to those obtained ihestriction. With this restriction, all of the exhibited potentials gen-
[20], if we take the errors to be the ones given by the errore_rate gravitation_al waves with negligible ampli_tude_. We _do not con-
matrix. (We do not know why the exact error barg[20] are sider t_he oppos_lte case, _of _p_ower-law _pot_entlals in which the field
about three times bigger, in conflict with both our work angValue is Planckian and S'gf?'f'c_a”t graV|tat|_o_naI waves may be gen-
that of[19].) erated, because thg potenthl is thenl sensitive to pon-renormallzable
After we completed this work, the BOOMerar{@] and terms whose form is essentially arbitrary. In particular, we do not

- consider the “chaotic inflation” potential®/« P, which give n
MAXIMA [S] measurements of the CMB anisotropy ap- —1=—(2+p)/(2N) with a significant gravitational contribution

pgared, both of which extend to the' Segond aFOEJSt'C pealfo the CMB anisotropy. Another restriction is that we do not con-
Flts_to these datf21,22 seem to again give a S|mllar CON- sider “two-field” models, in which there is a family of inflaton
straint onn, but the values fol}y, Q; andh outside our  yajectories; these models usually involve large fields, and with fine-
adopted 2¢ range. At the time of writing, the new CMB  tyning they can give a sharp feature in the spectrum. However, a
data have not been included in a fit of the type that we ar@ecently-proposed two-field modgR4] with small field values
performing(i.e., with with strong prior requirements on the gives (—1)/2= —2/N, which is the same as the prediction of the
cosmological parameters, as well as on the small-scale datast line of Tables Il and Ill withp=3.) Finally, we do not consider
’(}8 andf). models based on non-Einstein gravity, which again usually involve
large field values; one of them gives the exponential potential in
Table I, with the corresponding prediction fbk

8In this expression and in Eq&28) and(35), the remaining terms

Although the quality and quantity of data are insufficientare supposed to be negligible, aig is supposed to dominate,

for a proper statistical analysis, these boundsnare very  while cosmological scales leave the horizon.

B. Models of inflation giving n<1
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TABLE Ill. Predictions for the spectral indew, for some po-
tentials of the formVy(1+c¢P) with negative ¢ The casep—0
corresponds to the potentily(1+c In(4/Q)), and the case
— — o corresponds t&,(1—e ™ 9%). The parameteN coge< 60 de-
pends on the cosmology after inflation.

p n
Ncoge=50 Ncoge= 20
p—0 0.98 0.95
p=-—2 0.97 0.93
p— oo 0.96 0.90
p=4 0.94 0.85
p=3 0.92 0.80

logical inflation. The vacuum expectation val(éEV) of ¢
in these models is expected to be of ordes or less, while
the potential Eq(27) gives(¢$)~(1—n) ¥2M. Therefore,

the present bound=0.9 is already beginning to disfavor

these models. The potential ER7) may however given

PHYSICAL REVIEW D 62 103504

=0." In this conventional cas&coge is largely determined

by V34, and hence by the model of inflation. It is certainly in
the range 32 to 60(lower limit corresponding toVi'*
=100GeV) and much more likely in the range 40 to 60
(lower limit corresponding toVi“~10°GeV and Tiep
~100 GeV).

However, the conventional cosmology need not be cor-
rect. In particular, the initial radiation-dominated era may
give way to matter domination by a late-decaying particle,
and most crucially there may be an era of thermal inflation
[25] during the transition. This unconventional cosmology,
with its huge entropy dilution after inflation, is indeed de-
manded in many inflation models, if gravitinos created from
the vacuum fluctuatioh26] persists to late time7]. Even
one bout of thermal inflation will giv&l,~ 10 and additional
bouf(s) cannot be ruled out. Thus, from the theoretical view-
point, Ncoge can be anywhere in the range 0 to 60.

Let us discuss the prediction EQ9), excluding for sim-
plicity the ranges 8p<1 and X<p<3 (recall that the
straightforward “new” inflation models make an integer

very close to 1 if the potential steepens after cosmologica=3). Taking the maximum valublcgge=60, we learn that
scales leave the horizon, for instance in an inverted hybrith<0.93 for p=3 (the lowest prediction and n<0.95 for

inflation model.

p=4. Looking at the right-hand panel of Fig. 1, we see that

Of the remaining models of Table Il, those giving a red at nominal 1e level, the former case is ruled out, though it

spectrum involve a potential basically of the form
V=Vy(1+cepP+---), (28

with ¢ negativeand p not in the range £p=<2. (“New”
inflation corresponds tp an integer=3, while mutated hy-

brid inflation models account for the rest of the range. The
logarithmic and exponential potentials in Table 1l may be

regarded as the limits respectivgly-0 andp— —oe.) With
this form, the prediction is

p—1

_ 2
n—l——(p_—z)ﬁ. (29)

is still allowed at the 2¢ level. Stronger results hold if
Ncoge<60. Looking at things another way, a lower bound
on n gives a lower bound oN¢pgg,

=

p_ —
p—21-n’

Ncoge™> (31

Even with present data, the @-resultn=.9 gives N¢oge
=40 for p=3, andN¢oge=20 for p>3.
The scale dependence given by E2p) is

dn 1(p—2

dink 2 p—1>(”_1)2<0'

(32

For the moment, we ignore the mild scale dependence and

setN= NCOBE'
Depending on the history of the Universe,

1
Ncoge=60—In(10'°GeV/V/4) -3 IN(VY4T ) —No.
(30)

Over the cosmological range of scalesklk{qgp) is at most
a few, and in particular In(8hMpc™Y/Keogg =4, corre-
sponding to

p—2\(n—1\2
An=n8—nCOBE——.02(m)(W) <0. (33
In this expressionT ., is the reheat temperature, while the
final contribution— N, (negative in all reasonable cosmolo- ] ) )
gies encodes our ignorance about what happens between téking n=0.9 to saturate the present bound, this gives
end of inflation and nucleosynthesis. Let us pause to discugé N <0.02 with p=3, and|An|<0.04 with p<0. Even in
this ignorance. In the present context, we are defifiipgas ~ the latter case, the change mis hardly significant with
the temperature when the UniverBiest becomes radiation Present data.
dominated after inflation. In the conventional cosmology, ra-
diation domination persists until the present matter domi-
nated era begins, long after nucleosynthesis. If this is the7|n some inflation models, slow-roll is followed by an extended
case, and if also slow-roll inflation gives way promptly to era of fast-roll givingN, of order a few; for simplicity we ignore
matter domination as is the case in most models, thgn that possibility in the present discussion.
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C. Models givingn>1

Known models givingh>1 (blue spectrurnare all of the
hybrid inflation type. The simplest caseVis=Vy+ s m?¢?; it
gives the scale-independent prediction- 1=2M§,m2/V0,
which may be either close to 1 or well above 1.

The other cases involve a potential of the fovhs V(1
+c¢P) with positive ¢ andp an integer=3 or<—1. There
is a maximum(early-time value forN, and the prediction

_p-1 1

1= 34
p—2 Nmax_N ( )

n—

Barring the fine-tuningNcoge=Nmax, this gives n—1
<0.04, which is compatible with the observational bound
The scale dependence ofin these models is still given by
Egs.(32) and(33); it may be observationally significant only
in the fine-tuned cas®cope=Nmax, Which we have not in-
vestigated.

IV. THE RUNNING MASS MODELS
A. The potential

We have also done fits with the scale-dependent spectral

index, predicted in inflation models with a running inflaton

mass[28—33. In these models, based on softly broken su-

persymmetry, one-loop corrections to the tree-level potenti
are taken into account, by evaluating the inflaton mas
squaredn?(In(Q)) at the renormalization scal@= ¢,®

1
V=V,+ Emz(ln(Q))¢2+ e (35)

Over any small range ap, it is a good approximation to
take the running mass to be a linear function oIrThis is
equivalent to choosing the renormalization scale to be withi
the range, and then adding the loop correction explicitly,

V=V 2| 2 | VO 2| /
0 2“'(“Q)¢ ZC(HQ)Mzd) “(¢ Q)

The dimensionless quantity specifies the strength of the

coupling. Let us discuss its likely magnitude, taking for defi-

nitenessQ = ¢coge-
It has been showh31] that the linear approximation is

very good over the range @f corresponding to horizon exit
for scales betweekcoge and &~ Mpc. We shall want to
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och is needed, we shall assume that the linear approximation
is adequate down to this ‘“reionization scale.” In other
words, we assume that it is adequate @obetweendcore

and ¢,¢ion, the subscripts denoting the value ¢fwhen the
relevant scale leaves the horizon. Within this range, we it is
convenient to write Eq(37) in the form[31]

1V 1
V=VO—EM—02C¢2<|n¢i—§). (37
P *
so that
,_ Vv ¢
: v =—M—(:23c¢lna. (39)

In these expressions, the constamtnd ¢, both depend on
the renormalization scal®, which can be chosen anywhere
in the range corresponding to cosmological scdkesy Q

= ¢cop)- The dimensionful constanp, is related to the
mass-squared by

m2(Q)M2 1
ln((ﬁ*/Q):W)VOP_E' (39

:l_klote that the limit of no running;— 0, corresponds to finite

c|in(¢/¢,)|, so that Eq(37) in that limit gives back Eq(35)
with a constant mass.

In general, the poingp= ¢, may be far outside the re-
gime where the linear approximation E§7) applies. How-
ever, in simple models the cosmological regime is suffi-
ciently close to that point that the linear approximation is
approximately valid there. In that case, we can trust the Eq.
({37) and its derivatives fopp= ¢, ; sinceV’ vanishes at that
point, there are four clearly distinct models of inflation as
shown in Fig. 2. The labeling), (i), (iii) and(iv) is the one
introduced in31]. In models(i) and(ii), c is positive and the
potential has a maximum neé, , while in models(iii ) and
(iv), cis negative and there is a minimum. In modé)sand
(iv), ¢ moves towards the origin, while in mode(is) and
(iii ) the opposite is true. Even if E¢37) is not valid near
¢= ¢, , this fourfold classification of models, according to
the sign ofc and the direction of motion o, is still useful.

Let us discuss the likely magnitude of assuming that a
single coupling dominates the loop correction. The value of
is conveniently obtained from the well-known RGE for
dm?/d(InQ). If a gauge coupling dominates one fir[@g]

estimate the reionization epoch, which involves a scale of

-1

orderK gion

8The choiceQ= ¢ is to be made in the regime whedeis bigger
than the relevant masses. Wh@rfalls below the relevant masses,
m?(Q) becomes practically scale-independétite mass “stops

~10 2 Mpc (enclosing the relevant mass of order
10°My,). Since only a crude estimate of the reionization ep-

Ve 2C -,

—=—am-. (40)
MZ T
Here,C is a positive group-theoretic number of orderalis

the gauge coupling, ant is the gaugino mass. We see that
if the loop correction comes from a single gauge coupling, ¢

running”). We have a running mass model if inflation takes place inis positive corresponding to modsefi) or model (ii). If a

the former regime, which happens in some interesting d&g32,
including that of a gauge coupling.

Yukawa coupling dominates, one finfi32] (for negligible
supersymmetry breaking trilinear coupling
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@ ‘ V(o) A

Model (i) Model (i)
FIG. 2. Sketches of the poten-
tial for the different models in the
Model (iii) Model (iv) case an extremum exists: the right
panel shows the inflaton behavior
for models(i) and (ii), while the
left panel shows model§ii) and
(iv).
- -
o, ¢ % ¢
Vo D wheres is an integration constafitEquation(5) then gives
— == ——|\?md,,. (41)
M% 167T2| | loop n(k)_l AN
5 =S¢ ®—c, (45)

whereD is a positive constant counting the number of scala
particles interacting with the inflatorrn,%op is their common
SUSY breaking mass-squared, amd is their common
Yukawa coupling. In this case, can be of either sign.
To complete our estimate af we need the gaugino or

scalar mass. The traditional hypothesis is that soft supersym- 8(K)

metry breaking is gravity-mediated, and in the context of 5k—=ex
inflation this means that the scaMg of supersymmetry H(kcoee)

: : 1/4 -
breaking will be roughlyVg ™. (As usual we are defining e are mostly interested in cosmological scales between
Ms=\F, whereF is the auxiliary field responsible for spon- k... andks, corresponding to & AN=<4. In this range the

taneous supersymmetry breaking in the hidde_n sector. Weécale-dependence of is approximately lineartaking |c|
also assume that there is no accurate cancelation in the fok1) and the variatiomAn=ng—ncoge is given approxi-

mula V=|F|?=3MZm3,,, which is the case in most super- mately by

symmetric inflation modeld23].) With gravity-mediated

SUSY breaking, typical values of the masses am@ An
~ Mo ~Vo/M3, which makegc| of order of the coupling
strengtha or |\|2. At least in the case of a gauge coupling,
one then expects

T . , .
Some lines of fixed¢pge in the planes versusc are shown
in the left-hand panel of Fig. 3. In order to evaluate &),
we also need the variation of; which comes from integrat-
ing this expression,

p[g(em‘—l)—cAN . (46)

n
—4d Ink—SSc. 47
In contrast with the prediction Eq$32) and (33) of the
earlier models we consideredn is positive. Also in con-
, 5 trast with those models, it is not tied to the magnitude of
c|[~107" to 10°% (420 |n—1|, and(as we shall seemay be significant even with
present data, for physically reasonable values of the param-
In special versions of gravity-mediated SUSY breaking, theeters. In the right-hand panel of Fig. 3, we show the branches
masses could be much smaller, leading|¢p<1. In that ©Of the hyperbola 8c=An, for the reference valuein
case, the mass would hardly run, and the spectral index 0.04. Within the hyperbola, the scale dependence of
would be practically scale-independent. With gauge-prObab|y too small to be significant with present data.
mediated SUSY breaking, the masses could be much bigger; The spectral index Eq45) depends on the coupling
this would not lead to a model of inflatiofunless the cou- Which we already discussed, and the integration congtant
pling is suppressecbecause it would not satisfy the slow- To satisfy the slow-roll conditionsM3|V"/V|<1 and
roll requirementc|<1. M32(V'/V)?<1, bothc ands must be at most of order 1 in
magnitude. Significant additional constraints ®follow, if
we make the reasonable assumptions that the mass continues
to run to the end of slow-roll inflation, and that the linear
Using Eq.(2) we find approximation remainsoughly valid. Indeed, settingAN

sefANW=cIn(¢, /¢) (43

B. The spectrum and the spectral index

°In an earlier papef31] we usedo=seNcose, but s is more
AN(k)E NCOBE_ N( k) = In(k/ kCOBE)’ (44) COnVenient.
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0.3 T - - T
Model (iv) i () )
0.2 | LB A
0.1 | A
0 -
e
» 01 F ,:" < «
f
0.2 .. ! -
03 fF 7 ' -
0.4 F LB ijus .
0 LD, . . | L iy
03 02 0.1 0 01 02
[+] c

FIG. 3. The parameter space for the running mass model. In the left-hand panel we show the straight lines correspoggigg to
=1.2, 1.0, and 0.8. Also shown in the left-hand panel are the lower boun@8&gqthe upper bound Eq49), and(diagonal line in upper
right quadrantthe weak lower bound E@50). [The weak upper bound E¢p1) is off the scalg,. As explained in the text, these curves define
the theoretically reasonable region of the parameter space. In the right-hand panel, we show the region allowed by observation, in the case
that reionization occurs whefr=1. Note that the allowed region is parallel to the fixed,gg lines arounthcoge=1, as one would expect.
To show the scale dependence of the predictiomfave also show in this panel the branches of the hyperbsta=8\n=ng— ncpge, for
the reference valuAn=0.04.

=Ncoge, EQ. (43) becomess=e ¢Ncosec In(¢h, /heyg. Dis-  unning mass model that comes from the observed magni-
counting the possibility that the end of inflation is very fine- tude P¢?=10"° of the spectrum. From Eq1),
tuned, to occur close to the maximum or minimum of the
i is ai 4 Vv 2s\ 1
potential, this gives a lower bound 2_57)73: p ,(\)/IzeXF( F)@ (52
|s| = e~ CNcoegc|. (48) x P
N ) - ] This prediction involves/, and ¢, , in addition to the pa-
In the case of positive [models(i) and(ii)], we also obtain  ameters: and's that determine the spectral index.

a significant upper bound by settiddN=Ncoge in Eq. (45), The simplest thing is to again assume gravity-mediated
and remembering that slow-roll requirgs—1|=<1: SUSY breaking, with the ultra-violet cutoff at the traditional
—en scale aroundMp, and the same supersymmetry breaking
|s|=e”“Tcose (c>1). (49 scale during inflation as in the true vacuum so thgf*

~10"GeV. In this scenario, one expedts?(Q)|~V,/M32

gt Q~Mp. As Stewart pointed out in the first paper on the
subject, with this very traditional set of assumptions, Eq.
(52 can give the correct COBE normalization, witt] in

the physically favored range 16 to 10~ 2.%°

It is remarkable that the most traditional set of assump-
ns can give a model with the correct COBE normalization,

In the simplest case, that slow-roll inflation ends when
—1 actually becomes of order 1, this bound becomes al
actual estimates| ~ e~ ¢Ncoee,

In the case of model§) and(iv), the mass may cease to
run before the end of slow-roll inflatiofibut after cosmologi-
cal scales leave the horizon, or the running mass modeil
would not apply at some poiniN,,,. In this somewhat fine- 10 . ) )
tuned situationN¢oge in the above estimates should be re- and, as we shall see, .W'th a V'ab.le spectral index. If one

relaxes these assumptions, there is much more freedom in

placedN¢coge— Nyun, Which may be much less thacoge. ;
In the case of moddiv), this leads to a weaker lower bound _choos!ngvo.and Ps : .SUCh fregdom may be .very_we!come,
in coping with the difficulty of implementing inflation in the

context of large extra dimensiof34].

s=|c| (c<0). (50
In the case of mode() it leads to a weaker upper bound D. Observational constraints on the running mass models
_ Extremizing with respect to all other parameters, we have
s=1 (c>0). (5D calculatedy? in the s vs ¢ plane and obtained contour levels

. for x? equal to the minimum value plus 2.41 and 5.99 re-
In the Ieft-_hand panel of F'?- 3, we Sh_OW the bounds releVangpectively, corresponding nominally to the 70% and 95%
to the choice of parameter’s ranges, i.e. the lower bound Eq.
(48), the upper bound Eq49) and the weak lower bound

Eq. (50).
10t the crudest level, one can verify this using the linear approxi-

mation Eq.(37) all the way up to thep~Mp, corresponding to
In(Mp/ ¢, ) ~1/c~10 to 100. Proper calculatiof29—-31] using the

Although it is not directly relevant for our investigation of renormalization group equatiofRGE’s) lead to the same conclu-
the spectral index, we should mention the constraint on theion.

C. The magnitude of the spectrum
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0.5 0.5

0.4 0.4

FIG. 4. Allowed region in thencoge—1 vs
ng—1 plane at 95% C.L(solid line) and 70%
C.L. (dashed lingfor positives andc [model(i)].
The two panels correspond to different hypoth-
eses about the reionization epoch. In the right
panel, it is assumed that reionization occurs when
a fraction f =10 22 of the matter has collapsed
into bound structures, while in the left panel the
fraction is taken to bé~1.

0.3 0.3

0.2 0.2

0.1 0.1

n_COBE-1
n_COBE-1

0 0

-0.1 -0.1

-0.2 -0.2

0.3 1 1 1 1 1 1 0.3 1 1 1 1 1 1
02 01 0 01 02 03 04 05 02 01 0 01 02 03 04 05

n_8-1 n_8-1

confidence level in two variablegThe y? function presents (i) and (iii) in the ng versusncoge plane. In the case of
actually two nearly degenerate minima in the allowed regionmodel iii ), the theoretical bounds on the parameters restrict
one in the positive and one in the negative quadremtedels  the parameter space to a small corner of the allowed region,
(i) and(iii)], separated by a very low barrier, but we assumeyithin which n has negligible variation. In contrast, there is
that the usual quadratic estimate of the probability content i\, significant theoretical restriction on the parameters in the
not very far from the true valup. _ case of modeli), andn has significant variation in a physi-

_The allowed region is shown in the right-hand panel of o1y reasonable regime of parameter space. In both cases, a
Fig. 3, for the case that reionization occurs whfeal. FOr . er yajye of the fraction of collapsed matfdust reduces

ci=_020r s=20.the coln?tanp re'sultth!s recovere?l Vg'ttlhnl_ 1 the allowed region at large n, without affecting significantly
— —<C or 25, our piots give In his case a SIghtly 1arger y,q a1owed scale-dependence of n.

allowed interval with respect to the two sigma value in the In the case of modi), a further observational constraint

previous section, due to the mismatch between the statistical . . .
one variable and two variables 95% C.L. contours. This al*°™M€S from the requirement that the density perturbation on

lowed region is not too different from the one that we esti_scales leaving the hgnzon at tead of inflation, shoulq be
mated earlief31], by imposing the crude requiremeftt small enough to avoid dangerous black hole formation. The
~1/<0.2 at both’the COBE scale and the low scale correlin€ar approximation is not adequate on such small scales,
sponding toNcoge— 10. [Note that in the earlier work we and one should instead evaluate the running mass using the

used the less convenient varialtess expCNeogg), instead RGE. The simplest assumption is that the RGE corresponds
of s to a single gauge coupling, either with or without asymptotic

The allowed region for modelsi) and (iv) lies inside the ~freedom[30]. The black hole constraint has been evaluated

hyperbola corresponding thn=.04, which means that their for these casel35]. The constraint amounts more or less to
scale-dependence is hardly significant at the level of prese@n upper bound oncege, typically in the range 1.1 to 1.3
data. In contrast, the allowed region for mod@lsand (iii ) depending on the choices ®fcoge and other parameters.
extends toAn=0.2, representing an extremely significant Such a bound significantly reduces the allowed region of
scale dependence even with present data. To demonstrgiarameter space, but still leaves a region wherbas a
this, we show in Figs. 4 and 5 the allowed regions for modelsstrong variation.

n_COBE-1

n_COBE-1

"0.2 -0.15 0.1 -0.05 0 ".0.2 015 -0.1 -0.05 0
n_8-1 n 81

FIG. 5. Allowed region in thencoge— 1 vsng—1 plane for negative andc [model(iii)]. Again the two panels correspond to different
reionization epoch hypothesis, as in Fig. 4. The allowed region is below the dottet fime-ogg, and above the solitHashedline at 95%
(70%) confidence level. These lines do not depend on the valud@fe. The line s=ceNeoee s also drawn forNcoge=50. The
theoretically favored regimés|=|c|e®Ncoee is the sector between this line and thg=ncoge line. The region of positivaig—1 and/or
Nncose— 1 is not shown, since it corresponds|tps|s|e™¢Ncos,
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V. CONCLUSION

In the context of theACDM model, we have evaluate
the observational constraint on the spectral indé). This

constraint comes from a range of data, including the heighg
of the first peak in the CMB anisotropy, which we take to be.
80+ 10 uK (nominal 1¢). Reionization is assumed to oc-
cur when some fixed fractiohof the matter collapses, and
the most important results are insensitive to this fraction i

the reasonable range 1b<f<1.
We first considered the case thathas negligible scale

dependence, comparing the observational bound with th
prediction of various models of inflation. A significant im-

provement in the 2r lower bound, which may well occur

with the advent of slightly better measurements of the CM

anisotropy,
models of inflation. Even the present bound has serious i

plications if, as is very possible, late-time gravitino creation
or some other phenomenon requires an era of thermal infl

tion after the usual inflation.

We also considered the running mass models of inflation;

n

B,
will become a serious discriminator between
m

a
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spectral index has negligible scale dependgnaed for a

4 Perhaps more reasonable choice 10 22 In the running-

mass models, the scale-dependent spectral inddoy is
iven by n—1=s expCAN)—c, where AN=In(kcoge/K).
he parameters in this expression can be of either sign, lead-
ing to four different models of inflation. Barring fine-tuning,
one expectss to be in the range|c|e” SNcoee<|g|
<e ®Ncoee, The parametec depends on the nature of the
soft supersymmetry breaking, but in the simplest case of
gravity-mediation it becomes a dimensionless coupling
%trength, presumably of order 1to 10 2 in magnitude.
Without worrying about the origin of the parameterand
s, we have investigated the observational constraints on
them. In the case,s>0 [referred to as modei)] we find
that n can have a significant variation on cosmological
scales, wittn—1 passing through zero signaling a minimum
of the spectrum of the primordial curvature perturbation. In a
future paper, we shall exhibit the possible effect of this scale
dependence on the CMB anisotropy, at and above the first
peak.

where the spectral index can have significant scale depen-

dence. Because of this scale dependence, it is in this case

crucial to fix not the epoch of reionization, but the fractfon
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